Thurston introduced a technique for finding and deforming three-dimensional hyperbolic structures by gluing together ideal tetrahedra. We generalize this technique to study families of geometric structures that transition from hyperbolic to anti de Sitter (AdS) geometry. Our approach involves solving Thurston's gluing equations over several different shape parameter algebras. In the case of a punctured torus bundle with Anosov monodromy, we identify two components of real solutions for which there are always nearby positively oriented solutions over both the complex and pseudo-complex numbers. These complex and pseudo-complex solutions define hyperbolic and AdS structures that, after coordinate change in the projective model, may be arranged into one continuous family of real projective structures. We also study the rigidity properties of certain AdS structures with tachyon singularities.
Introduction
In his notes, Thurston showed how to construct and deform hyperbolic structures by glueing together hyperbolic ideal tetrahedra ([Thu80] or see [NZ85] ). This technique is often used to study the hyperbolic Dehn surgery space for a three-dimensional manifold M with a union of tori as boundary. Supposing M is equipped with a topological ideal triangulation, the basic idea is to assign a hyperbolic structure, or shape, to each tetrahedron, so that the tetrahedra fit together consistently to give a smooth hyperbolic structure on M . The shape of a tetrahedron is described by a complex variable, and the consistency conditions are algebraic equations, known as Thurston's equations or the gluing equations. A solution defines a hyperbolic structure on M if all of the tetrahedra are oriented consistently. However, there are many solutions for which some tetrahedra are inverted or collapsed. In many cases, there exist solutions for which all of the tetrahedra are collapsed onto a plane; these are the solutions for which all shapes are real numbers. This article explores the geometric significance of these real solutions, each of which defines a transversely hyperbolic foliation F, meaning a one-dimensional foliation of M with a hyperbolic structure transverse to the leaves (see [Thu80] Definition 4.8.2). In particular, we study the question of regeneration, first studied by Hodgson in [Hod86] : Is F the limit of a path of collapsing hyperbolic structures H t ? If the answer is yes, we say that F regenerates to hyperbolic structures. In this triangulated setting, we ask further for the hyperbolic structures H t to be constructed from nearly collapsed positively oriented ideal tetrahedra which limit to the collapsed tetrahedra that define F.
Anti de Sitter (AdS) geometry is a Lorentzian analogue of hyperbolic geometry; it is the homogeneous Lorentzian geometry of constant negative curvature. Recently, in [Dan13] , the author demonstrated that transversely hyperbolic foliations may also arise as limits of collapsing AdS structures. Therefore, we also study the regeneration question in the AdS context: Is a given transversely hyperbolic foliation F the limit of collapsing anti de Sitter structures A t ? We use Thurston's technique to study the regeneration question in both the hyperbolic and AdS context using the same algebraic framework. For we show that (incomplete) triangulated AdS structures on M may be constructed by solving the gluing equations over the pseudo-complex numbers (Section 4.3). The pseudo-complex numbers, generated by a non-real element τ such that τ 2 = +1, has a Lorentzian similarity structure analogous to the Euclidean similarity structure on the complex numbers. We note that a pseudo-complex number z determines an ideal tetrahedron in AdS if and only if z, 1/(1 − z), and (z − 1)/z are defined and spacelike.
Our main result is that when M is a punctured torus bundle with Anosov monodromy, many transversely hyperbolic foliations do regenerate to both hyperbolic and AdS structures. Further, the hyperbolic and AdS structures regenerated from a given transversely hyperbolic foliation fit naturally into a continuous path of geometric structures, giving new examples of the geometric transition phenomenon described in [Dan13] . Finally, we apply the main result to study the space of AdS structures on M whose geodesic completion has a special singularity called a tachyon.
Regeneration results
Throughout, let M be a three-dimensional manifold with a union of tori as boundary and suppose T = {T 1 , . . . , T N } is a topological ideal triangulation of M . The space D R of real solutions to Thurston's equations will be called the real deformation variety. Each point of D R determines a transversely hyperbolic foliation on M built by projecting the simplices of T onto ideal quadrilaterals in H 2 ; such a structure will be called a transversely hyperbolic foliation on (M, T ). In Section 5, we observe simple conditions (Proposition 12) on the real deformation variety D R guaranteeing regeneration to hyperbolic and AdS structures. Specifically, if (z j ) ∈ R N is a solution to Thurston's equations defining a transversely hyperbolic foliation F, then F regenerates to hyperbolic and AdS structures if
(1) D R is smooth at (z j ) and (2) there exists a tangent vector (v j ) ∈ R N to D R at (z j ) such that v j > 0 for all j.
A tangent vector (v j ) as above is called a positive tangent vector.
In the case that M is a punctured torus bundle with Anosov monodromy, we identify two canonical connected components of the real deformation variety for which every point has the best possible properties. The following theorem, discussed in Section 7, is the fundamental result of the paper, on which the main theorems (2, 3 and 4 below) rest.
Theorem 1. Let M 3 be a punctured torus bundle over the circle with Anosov monodromy and let T be the monodromy triangulation of M . Let D R be the deformation variety of real solutions to Thurston's equations for (M, T ). Then, there are two canonical smooth, one dimensional, connected components V + of D R with positive tangent vectors at every point. Each component of V + is parameterized by the (signed) length of the puncture curve.
Making use of Guéritaud's description of Thurston's equations for the monodromy triangulation (see [Ga06] ), we prove Theorem 1 by direct analysis of the equations. Via the discussion above, Theorem 1 implies:
Theorem 2. Let F be a transversely hyperbolic foliation on (M, T ) determined by a point of V + . Then there exist hyperbolic structures H t , and AdS structures A t on (M, T ), defined for t > 0, such that H t and A t collapse to F as t → 0.
Let us briefly describe the relationship between the two components of V + , denoted by V + + and V − + . We construct two special solutions (z 
Geometric transitions
In [Dan13] , the author defined a notion of geometric transition from hyperbolic to AdS structures in the context of real projective geometry. Specifically, a transition is a path P t of real projective structures on a manifold M such that P t is conjugate to a hyperbolic structure if t > 0, or to an AdS structure if t < 0. The author then constructed the first examples of this hyperbolic-AdS transition in the case that the manifold M is the unit tangent bundle of the (2, m, m) triangle orbifold (note that the structures have cone singularities). In Section 6 we show how to build examples of the hyperbolic-AdS transition in the triangulated setting when the conditions (1) and (2) above are satisfied. In particular, the geometric structures produced by Theorem 2 may be organized into a geometric transition:
Theorem 3. Let M 3 be an Anosov punctured torus bundle, and let V + be as in Theorem 1. Given a transversely hyperbolic foliation F determined by a point of V + , let H t and A t be the hyperbolic and AdS structures that collapse to F, given by Theorem 2. Then, there exists a continuous path P t of real projective structures on M such that • P t is conjugate to the hyperbolic structure H t if t > 0.
• P t is conjugate to the AdS structure A |t| if t < 0.
For each t (including t = 0), the monodromy triangulation T is realized in P t by positively oriented tetrahedra.
For t > 0 (resp. t < 0), the projective structures P t should be thought of as rescaled versions of the H t (resp. the A |t| ); they are obtained by applying a linear transformation of RP 3 that stretches H 3 (and AdS 3 ) transverse to the collapsing direction. The projective structure P 0 obtained in the limit is a half-pipe (HP) structure. Half-pipe geometry, defined in [Dan13] , is the natural transitional geometry bridging the gap between hyperbolic and AdS geometry. An HP structure encodes information about the collapsed hyperbolic structure F as well as first order information in the direction of collapse. The proof of the theorem leads naturally to the construction of HP structures out of HP ideal tetrahedra. The algebra describing the shapes of HP tetrahedra is the tangent bundle of R, thought of as complex (or pseudo-complex) numbers with infinitesimal imaginary part.
AdS structures with tachyons
A tachyon singularity ( [BBS09] or see [Dan13] ), in AdS geometry is a singularity along a space-like geodesic L such that the holonomy of a meridian encircling L is a Lorentz boost that point-wise fixes L. The (signed) magnitude of the boost is called the mass. Tachyons are the Lorentzian analogue of cone singularities in hyperbolic geometry, with the tachyon mass playing the role of the cone angle. Paths of geometric structures that transition from hyperbolic cone-manifolds to AdS manifolds with tachyons are constructed in [Dan13] . In Section 4.3, we describe how to construct AdS structures with tachyons by solving the gluing equations with an added condition governing the geometry at the boundary.
Hodgson-Kerckhoff [HK98] showed that, under assumptions about the cone angle, compact hyperbolic cone-manifolds are parameterized by the cone angles. In particular, hyperbolic cone-manifolds are rigid relative to the cone angles. It is natural to ask whether a similar rigidity phenomenon occurs in the AdS setting (see [BBD + 12]). We give some evidence to the affirmative in Section 8: Theorem 4. Let N be a torus bundle over the circle with Anosov monodromy, and let Σ be the simple closed curve going once around the base circle direction. Then the space of AdS structures on N with a tachyon along Σ contains a smooth one-dimensional connected component, parameterized by the tachyon mass. The mass can take any value in (−∞, 0).
There is no analogue of Mostow rigidity in the AdS setting. Indeed, compact AdS manifolds without singularities are very flexible. However, Theorem 4 suggests that the presence of a tachyon singularity may restrict the geometry significantly, so that the deformation theory mimics that of hyperbolic cone-manifolds.
Some related literature
Following Thurston's pioneering work, ideal triangulations have proven an important theoretical and experimental tool in hyperbolic geometry. The software packages SnapPea [Wee] , Snap [CGHN00] , and SnapPy [CDW] , frequently used for experiment in hyperbolic three-manifolds, find hyperbolic structures via ideal triangulations. The volume maximization program of Casson-Rivin [Riv94] , the recent variational formulation of the Poincaré conjecture by Luo [Luo10] , and many other articles (e.g. [Lac00, HRS12] ) feature the more general notion of angled ideal triangulation. Further, the use of ideal triangulations has spread beyond hyperbolic geometry, including representation theory and quantum topology (see e.g. [Zic09, DG] ). However, the present work gives, to the author's knowledge, the first application of ideal triangulations in the context of AdS geometry. Our results add to the growing list of parallels in the studies of hyperbolic and AdS geometry, beginning with Mess's classification of globally hyperbolic AdS space-times [Mes07, ABB + 07] and its remarkable similarity to the Simultaneous Uniformization theorem of Bers [Ber60] . Stemming from Mess's work, results and questions in hyperbolic and AdS geometry (see [BBD + 12] ) have begun to appear in tandem, suggesting the existence of a deeper link. The geometric transition construction of [Dan13] and its triangulated counterpart described here give a concrete connection strengthening the analogy between the two geometries.
Organization of the paper. The paper naturally divides into two parts. The first part, consisting of Sections 2-6, describes a general algebraic framework for building triangulated geometric structures, including H 3 and AdS structures, as well as structures that transition between the two geometries. Section 2 constructs the relevant homogeneous spaces, and sets the notation used throughout Sections 3-6. Section 3 gives a general construction of ideal tetrahedra and describes Thurston's equations in this setting. Section 4 applies the general construction to the cases of hyperbolic, AdS, and HP structures, as well as transversely hyperbolic foliations. Section 5 gives the proof for the regeneration conditions described above in 1.1. Section 6 describes how geometric structures transitioning from hyperbolic to AdS may be built from ideal tetrahedra, and proves that Theorem 3 follows from Theorem 1.
The second part of the paper focuses on punctured torus bundles. In Section 7, we give a description of the monodromy triangulation and then carefully study the real deformation variety and prove Theorem 1. Section 7 may be read independently from the first part of the paper. Section 8 gives the proof of Theorem 4.
The paper develops much of the needed hyperbolic and AdS geometry directly, and for this reason there is no section dedicated to preliminaries. The reader may wish to consult [Thu80, Rat94] for basics on hyperbolic geometry, or [BB09, Dan11, Gol13] for basics on AdS geometry.
2 The algebra B and the model space X In [Dan13] , the author constructs a family of model geometries in projective space that transitions from hyperbolic geometry to AdS geometry, passing though half-pipe geometry. We review the dimension-three version of this construction here. Each model geometry X is associated to a real two-dimensional commutative algebra B. In Section 3, we will see that (a subset of) B describes the shapes of ideal tetrahedra in X.
Let B = R + Rκ be the real two-dimensional, commutative algebra generated by a non-real element κ with κ 2 ∈ R. As a vector space B is spanned by 1 and κ. There is a conjugation action: (a + bκ) := a − bκ, which defines a square-norm
Note that | · | 2 may not be positive definite. We refer to a as the real part and b as the imaginary part of a + bκ. If κ 2 = −1, then our algebra B = C is just the complex numbers, and in this case we use the letter i in place of κ, as usual. If κ 2 = +1, then B is the pseudo-complex numbers and we use the letter τ in place of κ. Note that if κ 2 < 0, then B ∼ = C, and if κ 2 > 0 then B ∼ = R + Rτ . In the case κ 2 = 0, we use the letter σ in place of κ. In this case B = R + Rσ is isomorphic to the tangent bundle of the real numbers. Now consider the 2 × 2 matrices M 2 (B). Let Herm(2, B) = {A ∈ M 2 (B) : A * = A} denote the 2 × 2 Hermitian matrices, where A * is the conjugate transpose of A. As a real vector space, Herm(2, B) ∼ = R 4 . We define the following (real) inner product on Herm(2, B):
We will use the coordinates on Herm(2, B) given by
In these coordinates, we have that
and we see that the signature of the inner product is (3, 1) if κ 2 < 0, or (2, 2) if κ 2 > 0. The coordinates above identify Herm(2, B) with R 4 . Then, identify the real projective space RP 3 with the non-zero elements of Herm(2, B), considered up to multiplication by a real number. We define the region X inside RP 3 as the negative lines with respect to ·, · :
We define the group PGL + (2, B) to be the 2 × 2 matrices A, with coefficients in B, such that | det(A)| 2 > 0, up to the equivalence A ∼ λA for any λ ∈ B.
The group PGL + (2, B) acts on X by orientation preserving projective linear transformations as follows. Given A ∈ PGL + (2, B) and X ∈ X:
Note that if B = C, then PGL + (2, B) = PSL(2, C) and X identifies with the usual projective model for hyperbolic space X = H 3 . In this case, the action above is the usual action by orientation preserving isometries of H 3 , and gives the familiar isomorphism PSL(2, C) ∼ = PSO(3, 1), If B = R + Rτ , with τ 2 = +1, then X identifies with the usual projective model for anti de Sitter space X = AdS 3 . Anti de Sitter geometry is a Lorentzian analogue of hyperbolic geometry. The natural invariant metric on AdS 3 , inherited from ·, · , has signature (2, 1). As such tangent vectors are partitioned into three types: space-like, meaning positive, time-like, meaning negative, or light-like, meaning null. In any given tangent space, the light-like vectors form a cone that partitions the time-like vectors into two components. Thus, locally there is a continuous map assigning the name future pointing or past pointing to time-like vectors. The space AdS 3 is time-orientable, meaning that the labeling of time-like vectors as future or past may be done consistently over the entire manifold. The action of PGL + (2, R + Rτ ) on AdS 3 is by isometries, thus giving an embedding PGL + (2, R+Rτ ) → PSO(2, 2). In fact, PGL + (2, R+Rτ ) has two components, distinguished by whether or not the action on AdS 3 preserves time-orientation, and the map is an isomorphism.
Lastly, we discuss the case B = R + Rσ, with σ 2 = 0. In this case, X = HP 3 is the projective model for half-pipe geometry (HP), defined in [Dan13] for the purpose of describing a geometric transition going from hyperbolic to AdS structures. The algebra R + Rσ should be thought of as the tangent bundle of R: Letting x be the standard coordinate function on R, we think of a + bσ as a path based at a with tangent b ∂ ∂x . This point of view is particularly appropriate in the context of geometric transitions. For, given collapsing hyperbolic structures with holonomy representations ρ t : π 1 M → PSL(2, C) converging to ρ 0 : π 1 M → PSL(2, R), there is a natural HP representation defined by
where Im ρ 0 (γ) ∈ T ρ 0 (γ) PSL(2, R) is the imaginary part of the derivative of ρ t . We show in [Dan13] how, in certain cases, the collapsing hyperbolic structures corresponding to ρ t limit, as real projective structures, to a (non-collpased) half-pipe structure. In that case ρ HP is the holonomy representation of this limiting structure. A similar interpretation is possible in the context of collapsing AdS structures with holonomy representations ρ t : π 1 M → PSL(2, R + Rτ ) whose imaginary parts are going to zero. Remark 1. In each case, the orientation reversing isometries are also described by PGL + (2, B) acting by X → AXA * .
The ideal boundary. The ideal boundary ∂ ∞ X is the boundary of the region X in RP 3 . It is given by the null lines in Herm(2, B) with respect to ·, · . Thus ∂ ∞ X = {X ∈ Herm(2, B) : det(X) = 0, X = 0} /R * can be thought of as the 2 × 2 Hermitian matrices of rank one. We now give a useful description of ∂ ∞ X that generalizes the identification ∂ ∞ H 3 = CP 1 . Any rank one Hermitian matrix X can be decomposed (up to ±) as
where v ∈ B 2 is a two-dimensional column vector with entries in B, unique up to multiplication by λ ∈ B with |λ| 2 = 1 (and v * denotes the transpose conjugate). This gives the identification
where v ∼ vλ for λ ∈ B × . The action of PGL + (2, B) on P 1 B by matrix multiplication extends the action of PGL + (2, B) on X described above.
We use the square-bracket notation x y to denote the equivalence class in P 1 B of
. Throughout, we will identify B with its image under the injection B → P 1 B given by z → z 1 .
Remark 2. In the case κ 2 ≥ 0, the condition vv * = 0 in the definition of P 1 B is not equivalent to the condition v = 0, because B has zero divisors.
General construction of ideal tetrahedra
The following construction, based on Thurston's description of ideal tetrahedra in H 3 , takes place in the model space X defined by a two-dimensional real commutative algebra B, from the previous section. The generality of this construction is its main advantage. Geometric interpretations for the cases of interest will be given in the following section. Let ∆ n be the standard n-simplex with vertices removed:
Then a choice of n + 1 rank one Hermitian matrices Z 1 , . . . , Z n+1 determines a map
We say that Z 1 , . . . , Z n+1 determines an ideal n-simplex in X if the image of ∆ n lies entirely in X. When n = 2, an ideal simplex is called an ideal triangle, and when n = 3, an ideal simplex is called an ideal tetrahedron. Note that we allow i(∆ n ) to have dimension smaller than n; in this case the ideal simplex is called collapsed. The following proposition is elementary.
Proposition 1. Z 1 , . . . , Z n+1 determine an ideal simplex if and only if
It is apparent from the proposition that the ideal simplex i : ∆ n → X determined by Z 1 , . . . , Z n+1 depends only on the equivalence classes [Z 1 ], . . . , [Z n+1 ], up to reparametrization of ∆ n . By the discussion in the previous section, we identify the ideal vertices [Z i ] ∈ ∂X with elements z i ∈ P 1 B, and refer to i : ∆ n → X as the tetrahedron determined by z 1 , . . . , z n+1 .
The following generalizes the three-transitivity of the action of PSL(2, C) on CP 1 .
Proposition 2. Let Z 1 , Z 2 , Z 3 be rank one Hermitian matrices that determine an ideal triangle. Let z 1 , z 2 , z 3 be the corresponding elements of P 1 B. Then there exists a unique A ∈ PGL + (2, B) placing the z i in standard position:
Proof. By transitivity of the action of PGL + (2, B) on P 1 B, we may assume that z 1 = ∞.
Further, assume that Remark 3. In the case B = C, X = H 3 , the signs of the Z i can always be chosen to satisfy condition 3. This is achieved by choosing the Z i to have positive trace.
Shape parameters
Let Z 1 , Z 2 , Z 3 , Z 4 ∈ Herm(2, B) have rank one, and let z 1 , z 2 , z 3 , z 4 denote the corresponding elements of P 1 B. Assume that Z 1 , Z 2 , Z 3 determine an ideal triangle in X. By Proposition 2, there is a unique A ∈ PGL + (2, B) such that Az 1 = ∞, Az 2 = 0, and
is an invariant of the ordered ideal points z 1 , . . . , z 4 , generalizing the cross ratio for CP 1 .
Proposition 3. z 1 , z 2 , z 3 , z 4 define an ideal tetrahedron in X if and only if z = (z 1 , z 2 ; z 3 , z 4 ) lies in B ⊂ P 1 B and satisfies:
In this case z is called the shape parameter of the ideal tetrahedron (with ordered vertices).
Proof. Assume the z i are in standard position, and choose representatives
We are free to change the signs of the Z i (or even multiply by a non-zero real number) with the aim that Z i satisfy Condition (3). First, note that Z 1 , Z 2 , Z 1 , Z 3 , Z 2 , Z 3 = − 1 2 < 0, so it will not be fruitful to change the signs of Z 1 , Z 2 or Z 3 . Next,
Condition (3) is satisfied if and only if |a| 2 , |b| 2 and |a − b| 2 > 0, which is true if and only
Using the language of Lorentzian geometry, we say that z and z − 1, as in the Proposition, are space-like. In fact, all facets of an ideal tetrahedron are space-like and totally geodesic with respect to the metric induced by ·, · on X. Orientation. Given ideal vertices z 1 , z 2 , z 3 , z 4 , recall the map i : ∆ n → X from the standard ideal simplex σ to the geometric ideal tetrahedron T = T (z 1 , z 2 , z 3 , z 4 ) determined by those vertices. The ideal tetrahedron is called positively oriented if this map takes the standard orientation on σ to the orientation of RP 3 determined by the standard ordered
coming form the coordinates (1). This condition can be read off from the shape parameter. Orient ∂X so that the direction pointing away from X is positive. Then B ⊂ ∂X inherits an orientation allowing us to make sense of the notion of positive imaginary part (use for example the ordered basis {1, κ}). The following is straightforward.
Proposition 4. The ideal tetrahedron T determined by z 1 , z 2 , z 3 , z 4 is positively oriented if and only if its shape parameter z has positive imaginary part.
Recall that the ideal tetrahedron T determined by z 1 , z 2 , z 3 , z 4 is called a collapsed H 2 tetrahedron if T is contained in a hyperbolic plane. Note that T is collapsed if and only if its shape parameter z is real.
The shape parameter z = (z 1 , z 2 ; z 3 , z 4 ) is a natural geometric quantity associated to the edge e = z 1 z 2 in the following sense, familiar from Thurston's notes in the hyperbolic case. Change coordinates (using an element of PGL + (2, B)) so that z 1 = ∞, and z 2 = 0. Then the subgroup G e of PGL + (2, B) that preserves e is given by
The number λ = λ(A) associated to A ∈ G e is called the exponential B-length and generalizes the exponential complex translation length of a loxodromic element of PSL(2, C). Let A ∈ G e be the unique element so that Az 3 = z 4 . Then the shape parameter is just the complex length of A: z = λ(A).
There are shape parameters associated to the other edges as well. We may calculate them as follows. Let π be any even permutation of {1, 2, 3, 4}, which corresponds to an orientation preserving diffeomorphism of the simplex ∆ 3 . Then (z π(1) , z π(2) ; z π(3) , z π(4) ) is the shape parameter associated to the edge e = z π(1) z π(2) . This definition a priori depends on the orientation of the edge e . However, we check that
We need only demonstrate this in the case that the z i are in standard position. Consider the map B = 0 z 1 0 , which exchanges ∞ and 0 and also exchanges 1 and z. Then
Further, by considering
we obtain the relationship 
Glueing tetrahedra together
The faces of an ideal tetrahedron are hyperbolic ideal triangles. Given two tetrahedra T, S and a face v 1 v 2 v 4 , w 1 w 2 w 3 on each such that the orientations are opposite, there is a unique isometry A ∈ PGL + (2, B) mapping
that glues S to T along the given faces. Suppose T, S are in standard position so that v 1 = w 1 = ∞, v 2 = w 2 = 0, v 3 = w 3 = 1 and v 4 = z. Then the glueing map A fixes ∞ and 0 and acts as a (linear) similarity of (B, | · | 2 ). This similarity is exactly multiplication by the shape parameter z associated to the edge v 1 v 2 of T . Composition of glueing maps for tetrahedra T 1 , T 2 , . . . , T n in standard position about the common edge 0∞ is described by the product of shape parameters z 1 z 2 . . . z n−1 (this describes the map that glues T n on to the other n − 1 tetrahedra which have already been glued together). Hence, in order for the geometric structure to extend over an interior edge e of a union of tetrahedra, our shape parameters must satisfy:
where z i is the shape parameter associated to the edge of T i being identified to e. In fact we need that the development of the tetrahedra around the edge e winds around the edge exactly once (in other words z i is a rotation by 2π rather than 2πn for some n = 1).
The terminology we will use for this condition is the following:
Definition 1. Given ideal tetrahedra T 1 , . . . , T n glued together around and edge e, we say that the edge e has total dihedral angle 2π if the development of the tetrahedra in X \ e has rotational part exactly 2π. Note that in some cases, X will not have a continuous group of isometries which rotate around e. Nonetheless, rotations by multiples of π are always defined in X \ e.
Figure 2: The shape parameters going around an edge must have product one and total dihedral angle 2π.
Let M be a three-manifold with a fixed topological ideal triangulation T = {T 1 , . . . , T n }, that is M is the union of tetrahedra T i glued together along faces, with vertices removed. A triangulated X structure on M is a realization of all the tetrahedra comprising M as geometric tetrahedra so that the structure extends over all interior edges of the triangulation. This amounts to assigning each tetrahedron T i a shape parameter z i . For each interior edge e, we get an equation of the form (5). All of these equations together make up Thurston's equations (also commonly called the edge consistency equations). The solutions of these equations (with total dihedral angle 2π around each edge) make up the deformation variety of triangulated X structures on M .
Triangulated geometric structures
We apply the general construction from the previous section to build triangulated geometric structures for the cases X = H 3 , H 2 , AdS 3 , HP 3 . Throughout, let M be a three-manifold with a union of tori as boundary, and let T = {T 1 , . . . , T n } be a fixed topological ideal triangulation of M .
Triangulated H
3 structures: B = C Let κ 2 = −1, so that B = C is the complex numbers. In this case, the inner product ·, · on Herm(2, C) is of type (3, 1) and X is the projective model for H 3 . Since |z| 2 ≥ 0 holds for any z, with equality if and only if z = 0, Proposition 3 gives the well-known fact that any z ∈ C \ {0, 1} is a valid shape parameter defining an ideal tetrahedron in H 3 . Thus, hyperbolic structures on (M, T ) are obtained by solving Thurston's equations (5) over C with all shape parameters z i having positive imaginary part. following:
The exponential complex length of the longitude and the meridian m, which can be read off from the triangulation of ∂M (see Figure 4) , are given by
Let θ ∈ (0, 2π) and enforce the additional condition that
A positively oriented solution is given by where we may choose the root with positive imaginary part. The solution gives a hyperbolic structure whose completionM is topologically the manifold M gotten by Dehn filling M along . The completed hyperbolic structure has a cone singularity with cone angle θ (see e.g. [HK05] ). Note thatM is a torus bundle over the circle with monodromy 2 1 1 1 and the singular locus is a curve running once around the circle direction.
Transversely hyperbolic foliations: B = R
Consider the degenerate case B = R. Then Herm(2, R) is the symmetric real matrices (which is R 3 as a vector space) and ·, · is of signature (2, 1). The resulting geometry is X = H 2 . Proposition 3 gives that any z ∈ R \ {0, 1} is a valid shape parameter defining an ideal tetrahedron in H 2 . Such tetrahedra are collapsed (see the discussion at the beginning of Section 3).
Proposition 5. A solution to Thurston's equations (5) over R defines a transversely hyperbolic foliation on M . Such a structure will be referred to as a triangulated transversely hyperbolic foliation on (M, T ). The deformation variety D R of these structures is called the real deformation variety.
Proof. The real shape parameter z j ∈ R assigned to the tetrahedron T j , determines a submersion from T j onto an ideal quadrilateral in H 2 sending faces of T j to ideal triangles. Beginning with one base tetrahedron, these submersions can be developed to produce a globally defined local submersion
which is equivariant with respect to a representation
That the shape parameters satisfy Thurston's equations guarantees that the map D can be extended, still as a local submersion, over the interior edges of the triangulation. The map D is a degenerate developing map defining a transversely hyperbolic foliation on M .
Note that, in this case, the condition that the development of tetrahedra around an interior edge have total dihedral angle 2π is equivalent to requiring that exactly two of the z i at that edge be negative. An edge with negative shape parameter is thought of as having dihedral angle π, while an edge having positive shape parameter has dihedral angle zero.
Remark 4. In the case of non-positively oriented solutions to Thurston's equations over C (which do not directly determine H 3 structures), it is possible for the dihedral angle at an edge of some tetrahedron, defined via analytic continuation, to lie outside the range (0, π). In the case that a path of such solutions converges to a real solution, each dihedral angle converges to kπ for some k, possibly with k = 0, 1. We ignore these real solutions; there are no positively oriented solutions nearby. 
over R. The variety of solutions to (7) has four (topological) components:
1. z 1 < 0 and z 2 < 0 2. z 1 < 0 and z 2 > 1 3. z 1 > 1 and z 2 < 0 4. z 1 > 1 and z 2 > 1 Cases 1 and 4 determine solutions with angular holonomy 4π around one edge and zero around the other edge. So these solutions are discarded. Cases 2 and 3 are symmetric under switching z 1 and z 2 . So, the transversely hyperbolic structures on (M, T ) are parametrized by z 1 < 0 (which determines z 2 > 1). It follows that the structures are also parametrized by H( ) = z 2 1 (1 − z 1 ) 2 . This is a special case of Theorem 1.
Triangulated AdS 3 structures and the pseudo-complex numbers
Let B be the real algebra generated by an element τ , with τ 2 = +1. As a vector space B = R + Rτ is two dimensional over R. In this case, the form ·, · on Herm(2, B) is of signature (2, 2) and X = AdS 3 is the anti de Sitter space. Before constructing triangulated AdS structures, we discuss some important properties of the algebra B = R + Rτ .
The algebra B = R + Rτ of pseudo-complex numbers. First, note that B is not a field as e.g. (1 + τ ) · (1 − τ ) = 0. The square-norm defined by the conjugation operation |a + bτ | 2 = (a + bτ )(a + bτ ) = a 2 − b 2 , comes from the (1, 1) Minkowski inner product on R 2 (with basis {1, τ }). The space-like elements of B (i.e. square-norm > 0), acting by multiplication on B form a group and can be thought of as the similarities of the Minkowski plane that fix the origin. Note that if |a + bτ | 2 = 0 then b = ±a and multiplication by a + bτ collapses all of B onto the light-like line spanned by a + bτ .
The elements 1+τ 2 and 1−τ 2 are two spanning idempotents which annihilate one another:
Thus B ∼ = R ⊕ R as R algebras via the isomorphism
We have a similar splitting for the algebra of 2 × 2 matrices M 2 (B):
and also
The orientation preserving isometries Isom + AdS 3 = PGL + (2, B) correspond to the subgroup of PGL(2, R) × PGL(2, R) such that the determinant has the same sign in both factors. The identity component of the isometry group (which also preserves time orientation) is given by PSL(2, R) × PSL(2, R).
Proposition 6. There is a natural isomorphism P 1 B ∼ = P 1 R × P 1 R that identifies the action of PGL(2, B) on P 1 B with that of PGL(2, R) × PGL(2, R) on RP 1 × RP 1 .
Proof. The isomorphism
The added points make up a wedge of circles, so that P 1 B is topologically a torus. The square-norm |·| 2 on B induces a flat conformal Lorentzian structure on P 1 B that is preserved by PGL + (2, B). We refer to PGL + (2, B) as the Lorentz Mobius transformations. With its conformal structure
Thurston's equations for AdS 3 . We think of R + Rτ as the Lorentzian plane equipped with the metric induced by | · | 2 . Proposition 3 immediately implies:
Proposition 7. The following are equivalent:
1. The ideal vertices z 1 , z 2 , z 3 , z 4 determine an ideal tetrahedron T .
2. The shape parameter z = (z 1 , z 2 ; z 3 , z 4 ) of the edge z 1 z 2 is defined and satisfies |z| 2 , |1 − z| 2 > 0.
3. The shape parameters z,
z of all edges of T are defined and space-like.
4. Placing z 1 at ∞, the triangle z 2 z 3 z 4 has space-like edges in the Minkowski plane B.
Figure 5: left: Placing one vertex z 1 at infinity, the other three vertices z 2 , z 3 , z 4 determine a spacelike triangle in the Lorentzian plane:
if tetrahedra are glued together along an interior edge (connecting ∞ to v), the corresponding space-like triangles must fit together around the vertex v.
Similar to the case of degenerate tetrahedra, the total dihedral angle condition is discrete for AdS tetrahedra:
Proposition 8. The condition of Definition 1, that the total dihedral angle around an interior edge be 2π, is equivalent to the condition that exactly two of the z i at that edge have negative real part.
Using the isomorphism (8), a shape parameter z ∈ R + Rτ can be described as a pair (λ, µ) of real numbers:
Observe that • λ i , µ i lie in the same component of R \ {0, 1} for each i = 1, . . . , n,
• λ i > µ i for each i = 1, . . . , n.
• For exactly two i ∈ {1, . . . , n}, we have λ i , µ i < 0.
Thus a triangulated AdS structure on (M, T ) is determined by two triangulated transversely hyperbolic foliations on (M, T ) whose shape parameters (λ i
This suggests the following more general question, which we do not address here:
Question. When and how do two transversely hyperbolic foliations on M determine an AdS structure in the absence of an ideal triangulation?
Tachyons. Consider a triangulated manifold (M, T ). Let us assume that there is only one ideal vertex v in T (after identification). Then ∂M , which is naturally identified with L(v), has only one component. Assume that ∂M is a torus and that M has a fixed AdS structure determined by a positively oriented solution to Thurston's equations over B = R + Rτ . Let N (v) be a neighborhood in M of the ideal vertex v. Similar to the hyperbolic case, the AdS structure on M induces a structure on L(v) modeled on the similarities of the Minkowski plane R 1,1 which we identify with B. The similarities of B that fix the origin are exactly the space-like elements B + (i.e. the elements with positive square-norm) acting by multiplication. Just as in the hyperbolic case, the geodesic completion of N (v) can be understood in terms of this similarity structure. Let D ∂ : L(v) → B be the developing map. Assuming that M is not complete near v, the holonomy H of the similarity structure on L(v) fixes a point, which we may assume to be the origin. Then H : π 1 L(v) → B + is the exponential B-length function restricted to π 1 ∂M . The image of D ∂ does not contain the origin, so D ∂ determines a lift H of H to the similarities B + of B \ 0:
where log |H(γ)| is the translation length of H(γ), ϕ(γ) is the hyperbolic angle of the boost part of H(γ) andR(γ) is the total rotational part of the holonomy of γ (see Definition 7 of [Dan13] ), which is an integer multiple of π measuring the number of half rotations around 0 swept out by developing along γ. Assume that there is some element of π 1 ∂M with non-zero discrete rotational part. Then D ∂ is a covering map onto B \ 0 (this follows from the more general theory of affine structures on the torus [NY74] ). In the half-space model for AdS (see Appendix A of [Dan11] ), the developing map D ∂ is the "shadow" of the developing map D : N (v) → AdS 3 . So the image of D is I \ L, where I is a neighborhood of the geodesic L with endpoints 0, ∞ (note that I is not a cone as it is in the hyperbolic case). The completion of N (v) is then given by adjoining a copy of L. So the completion of N (v) is
In particular, if the moduli |H(π 1 ∂M )| form a discrete subgroup of the multiplicative group R + , then L/H(π 1 Dan13] ) with mass equal to the hyperbolic angle ϕ(α) of the boost part of H(α).
Remark 5. If the moduli |H(π 1 ∂M )| are dense in R + , the geodesic completion of M near v has a topological singularity that resembles a Dehn surgery type singularity in hyperbolic geometry. This more general singularity has not yet been studied to the knowledge of the author.
Example 3. (figure eight knot complement) Let M be the complement of the figure eight knot from Examples 1 and 2. We use Proposition 9 and the analysis in Example 2 to build AdS structures on (M, T ). Consider the connected component of real solutions to the edge consistency Equation (7) with z 1 < 0 and z 2 > 1. Taking the differential of log of Equation (7), we obtain 2z
which implies that dz 2 dz 1 > 0 at any point of (this connected component of) the variety. Thus, any two distinct solutions (λ 1 , λ 2 ) and (µ 1 , µ 2 ) satisfy (up to switching the λ's with the µ's) λ 1 > µ 1 and λ 2 > µ 2 and give a positively oriented solution
to the edge consistency equations over R + Rτ determining AdS structures on M . It is straight forward to show that the discrete rotational part of the holonomy of isR( ) = +2π. Now impose the additional condition
which is equivalent to
The geodesic completion of the AdS structure determined by (z 1 , z 2 ) is an AdS structure on the Dehn filled manifold M with a tachyon of mass ϕ. Note that as µ 1 < λ 1 < 0, the tachyon mass is negative.
Triangulated HP structures
Next let B = R + Rσ where σ 2 = 0. Then the form ·, · on Herm(2, B) is degenerate (with the eigenvalue signs +, +, −, 0). In this case, X = HP 3 and PGL + (2, R + Rσ) ∼ = G HP give the projective model for half-pipe geometry.
We equip R+Rσ with the degenerate metric induced by |·| 2 . Proposition 3 immediately implies:
Proposition 10. The following are equivalent:
1
Re z = 0, 1.
z of all edges of T are defined and have real parts not equal to 0, 1.
4.
Placing z 1 at ∞, z 2 z 3 z 4 is a triangle in the R + Rσ plane that has non-degenerate edges.
The real part a of z = a + bσ describes a collapsed tetrahedron in H 2 , while the imaginary part bσ describes an infinitesimal "thickness". If b > 0, then the tetrahedron is positively oriented; In this case z is thought of as being tangent to a path of complex (resp. R + Rτ ) shape parameters describing a collapsing family of positively oriented hyperbolic (resp. AdS) tetrahedra.
Proposition 11. The shape parameters z i = a i + b i σ, for i = 1, . . . , n, define ideal tetrahedra that glue together compatibly around an edge in HP 3 if and only if:
• (a 1 , . . . , a n ) ∈ R n satisfy the equation
• and exactly two of the a i are negative.
Thus the real part of a solution to Thurston's equations over R + Rσ defines a triangulated transversely hyperbolic foliation, and the imaginary (σ) part defines an infinitesimal deformation of this structure.
Regeneration of H 3 and AdS 3 structures
In the context of ideal triangulations, the problem of regenerating hyperbolic and AdS structures from transversely hyperbolic foliations becomes more straight-forward, especially in the presence of smoothness assumptions.
Proposition 12. Let (z j ) ∈ R N be a solution to Thurston's equations determining a transversely hyperbolic foliation F. Suppose the real deformation variety D R is smooth at (z j ), and suppose that (v j ) ∈ R N is a tangent vector to D R such that v j > 0 for all j. Then there are hyperbolic structures H t and AdS structures A t on (M, T ), defined for t > 0, such that H t and A t collapse to F as t → 0.
Proof. The imaginary tangent vector (iv j ) can be integrated to give a path of complex solutions to the edge consistency equations. Similarly, the imaginary tangent vector (τ v j ) can be integrated to give a path of R + Rτ solutions. This is easy to see explicitly, for consider a smooth path (λ j (t)) in D R , with λ j (0) = z j , and λ j (0) = v j at t = 0. Then, the path
In both the hyperbolic and AdS cases the solutions have positive imaginary part, so they determine geometric structures.
In light of this proposition, we ask the following question:
Question. Given a triangulated three-manifold (M, T ), which points of the real deformation variety D R are smooth with positive tangent vectors?
Theorem 1, proved in Section 7 gives a partial answer to this question in the case that M is a punctured torus bundle. Theorem 2 follows from Theorem 1 by Proposition 12.
Geometric transitions via triangulations
In this section, we show that when the conditions of Proposition 12 are satisfied, the regenerated hyperbolic and AdS structures may be organized into a path of real projective structures. The following proposition, in combination with Theorem 1, proves Theorem 3.
Proposition 13. Suppose the real deformation variety D R is smooth at a point (z j ) ∈ R N and suppose (v j ) ∈ R N is a positive tangent vector. Let H t and A t be hyperbolic AdS structures as in Proposition 12. Then there is a path of projective structures P t such that
• P t is conjugate to H t for t > 0
• P t is conjugate to A |t| for t < 0.
• P 0 is a half-pipe structure.
For each t, the triangulation T is realized by positively oriented tetrahedra in P t .
The path of projective structures in the proposition is a geometric transition from hyperbolic to AdS structures, as defined in [Dan13] . In order to prove the proposition, we take the solutions to Thurston's equations given by Proposition 12 and realize them as a continuous path (w j (t)) of solutions over shape parameter algebras B t which vary from B +1 = C to B −1 = R + Rτ .
Proof of Proposition 13. Let B t = R + Rκ t , where κ 2 t = −t|t|. For t > 0, the map a t : C → B t defined by i → κ t /|t| is an isomorphism of algebras. For t < 0, the map a t : R + Rτ → B t defined by τ → κ t /t| is an isomorphism.
Let (ζ j (t)) ∈ C N and (ξ j (t)) ∈ (R + Rτ ) N be solutions to Thurston's equations with ζ j (0) = ξ j (0) = z j , ζ j (0) = iv j , ξ j (0) = τ v j , as guaranteed by Proposition 12. Then, define (w j ) ∈ B N t by: • w j (t) = x j (t) + κ t y j (t) := a t (ζ j (t)) if t > 0,
• w j (t) = x j (t) + κ t y j (t) := a t (ξ j (t)) if t < 0.
• w j (0) = x j (0) + κ 0 y j (0) := z j + κ 0 v j .
The real part x j and the imaginary part y j of w j are continuous functions of t. Further, y j (t) > 0 for all t (in an open neighborhood of t = 0). Hence each solution (w j (t)) determines a projective structure P t built from positively oriented ideal tetrahedra in the model space X t . As the functions x j , y j vary continuously, as do the models X t , we have that P t varies continuously. Of course, for t > 0, the hyperbolic structure H t is conjugate to the projective structure P t via the obvious transformation, induced by a t , conjugating H 3 = X +1 to X t (see Section 4.5 of [Dan13] ). Similarly, for t < 0, A |t| is conjugate to P t .
Lastly, as κ 2 0 = 0, κ 0 is just another name for the element σ in the description of half-pipe geometry (Section 2). So P 0 is a half-pipe structure.
The shape parameters w j (t) from the proof of Proposition 13 lie in different algebras B t , making it slightly annoying to discuss continuity of the w j (t). One convenient solution to this issue is the following. Consider the generalized Clifford algebra C = 1, i, τ : i 2 = −1, τ 2 = +1, iτ = −τ i . We note that the algebras B t , from the proof of Proposition 13, may be embedded as a continuous (even differentiable) path of sub-algebras inside C via the identification κ t = ((1 + t|t|)i + (1 − t|t|)τ ) /2. This allows us to think of w j (t) as a continuous path inside C.
Example 4. Let M be the figure eight knot complement, discussed in Examples 1, 2, and 3. Let T be the decomposition of M into two ideal tetrahedra (four faces, two edges, and one ideal vertex) well-known from [Thu80] (see Figure 3) . The edge consistency equations reduce to the following:
In Example 2, we showed that the variety of real solutions to (10) (with total dihedral angle 2π around each edge) is a smooth one-dimensional variety with positive tangent vectors. Thus, any transversely hyperbolic foliation on (M, T ) regenerates to robust hyperbolic and AdS structures by Proposition 12. As M is a punctured torus bundle, this is a special case of Theorem 1. Next, we consider hyperbolic cone structures on M , with singular meridian being the longitude of the knot (this is also the curve around the puncture in a torus fiber). Recall from Example 1 that such a structure, with cone angle θ < 2π, is constructed by solving the equations
over C. Recall from Example 3 that AdS tachyon structures with mass ϕ < 0 are constructed by solving the equations
over R + Rτ . In order to construct a transition between these two types of structures, we consider a generalized version of these equations defined over the transitioning family B t = R + Rκ t from the proof of Proposition 13. The idea is to replace i in (11) (resp. τ in (12)) by the algebraically equivalent elements κ t /|t|. The generalized version of (11) and (12) that we wish to solve is
Note that the right hand side (which can be defined in terms of Taylor series) is a Figure 6 : Using the embeddings B t → C described above, we plot the C-length of the singular curve as hyperbolic cone structures (red) transition to AdS tachyon structures (blue). After rescaling (solid lines), the transition is realized as a C 1 path passing through a half-pipe structure. smooth function of t. In fact, solving (13) over the varying algebra B t for small t, gives a differentiable path (z 1 (t), z 2 (t)) of shape parameters for transitioning structures. For t > 0, (z 1 , z 2 ) determines a hyperbolic cone structure with cone angle θ = 2π − |t|. For t < 0, (z 1 , z 2 ) determines a AdS tachyon structure with hyperbolic angle ϕ = −|t|. At t = 0, we relabel κ 0 = σ for cosmetic purposes. Shape parameters defining the transitional half-pipe structure are given by:
σ.
The exponential R + Rσ-length of the curve around the singular locus is
The solution (z 1 (0), z 2 (0)) defines an HP structure whose completion has a cone-like singularity, called an infinitesimal cone singularity (see Section 4 of [Dan13] ). The infinitesimal cone angle is −1.
Punctured Torus Bundles
In this section we study the real deformation variety for M a hyperbolic punctured torus bundle and prove Theorem 1 from the introduction.
The monodromy triangulation
We begin by describing the monodromy triangulation (sometimes referred to as the FloydHatcher triangulation) and Gueritaud's convenient description of Thurston's equations for this triangulation. See [Ga06] for an elegant and self-contained introduction to this material. We think of the punctured torus T 2 as the quotient of R 2 \ Z 2 by the lattice of integer translations Z 2 . Any element of SL(2, Z) acts on T since it normalizes the lattice Z 2 . An element ϕ ∈ SL(2, Z) with distinct real eigenvalues λ + , λ − is called Anosov. We focus on the case that ϕ has positive eigenvalues. If ϕ has negative eigenvalues, then the following construction can be performed using −ϕ in place of ϕ with some small modifications; the resulting edge consistency equations will be the same. The following is a well-known fact. Proposition 14. An Anosov ϕ ∈ SL(2, Z) with positive eigenvalues can be conjugated to have the following form:
where m 1 , n 1 . . . , m k , n k are positive integers and R, L are the standard transvection matrices
This form is unique up to cyclic permutation of the factors.
This fact gives a canonical triangulation of the mapping torus M = T × I/(x, 0) ∼ (ϕx, 1) as follows. Since ϕ and W = AϕA −1 produce homeomorphic mapping tori, we will henceforth assume ϕ = W has the form described in the proposition. We think of W as a word of length N = m 1 + n 1 + . . . + m k + n k in the letters L and R. Now, we begin with the standard ideal triangulation τ 0 of T having edges (1, 0), (0, 1), (−1, 1) (see figure  below) . Apply the first (left-most) letter of the word, which is R, to τ 0 to get a new ideal triangulation τ 1 = Rτ 0 . These triangulations differ by a diagonal exchange. Realize this diagonal exchange as an ideal tetrahedron as follows. Let T 1 be an affine ideal tetrahedron in T 2 × R with two bottom faces that project to the ideal triangles of τ 0 in T 2 and two top faces that project to the ideal triangles of τ 1 in T 2 .
Figure 7: A diagonal exchange determines an ideal tetrahedron.
Next, we apply the first (left-most) two letters of W to τ 0 in order to get another ideal triangulation τ 2 . We note that τ 1 and τ 2 differ by a diagonal exchange and we let T 2 be the ideal tetrahedron with bottom faces τ 1 and top faces τ 2 . The bottom faces of T 2 are glued to the top faces of T 1 . We proceed in this way to produce a sequence of N + 1 ideal triangulations τ 0 , . . . , τ N with τ k = W k τ 0 , where W k are the first (left-most) k letters of W . It is easy to see that τ k and τ k+1 differ by a diagonal exchange: for example if W k+1 = W k R, then W k+1 τ 0 and W k τ 0 differ by a diagonal exchange because Rτ 0 and τ 0 differ by a diagonal exchange. For consecutive τ k , τ k+1 define a tetrahedron T k+1 which has τ k as its bottom faces and τ k+1 as its top faces. T k+1 is glued to T k along τ k . Note that the top ideal triangulation τ N of the top tetrahedron T N is given exactly by τ N = ϕτ 0 . So we glue T N along its top faces τ N to T 1 along its bottom faces τ 0 using the Anosov map ϕ. The resulting manifold is readily seen to be M , the mapping torus of ϕ. This decomposition into ideal tetrahedra is called the monodromy triangulation or the monodromy tetrahedralization.
We note that the ideal triangulation τ k of T 2 is naturally realized as a pleated surface inside M , at which the tetrahedra T k and T k+1 are glued together. Further, we may label each τ k with the k th letter of W . Hence, each tetrahedron T k+1 can be labeled with two letters, the letter corresponding to its bottom pleated surface τ k followed by the letter corresponding to its top pleated surface τ k+1 . If T k is labeled RL or LR it is called a hinge tetrahedron. Consecutive LL tetrahedra make up an LL-fan, while consecutive RR tetrahedra make up an RR-fan.
In order to build geometric structures using the monodromy triangulation, we assign shape parameters to the edges of the tetrahedra as follows: For tetrahedron T i , we assign the shape parameter z i to the (opposite) edges corresponding to the diagonal exchange taking τ i to τ i+1 . The shape parameters x i = z i −1 z i and y i = 1 1−z i are assigned to the other edges according to the orientation of the tetrahedron.
Throughout this section, indices that are out of range will be interpreted cyclically. For example z N +1 := z 1 and z 0 := z N . This convention allows for a much more efficient description of the equations.
Thurston's Equations.
Many of the edges in the monodromy tetrahedralization meet exactly four faces. This happens when a given edge in T 2 lies in two consecutive triangulations τ j−1 , τ j , but does not lie in either τ j−2 or τ j+1 . This will be the case if W j = W j−2 RR, in other words if T j is labeled RR. In this case, the holonomy around the given edge takes the form
For every j such that W j = W j−2 RR, the corresponding edge holonomy g j has the form (14). Similarly, for every k such that W k = W k−2 LL, the corresponding edge holonomy has the form
The other edge holonomies can be read off from the hinge tetrahedra. A hinge edge is an edge e that occurs in more than two consecutive triangulations τ j−1 , . . . , τ k , where we take p = k − j + 2 to be the maximal number of consecutive τ i containing the edge e. In this case, T j and T k are both hinge tetrahedra. Note also that each hinge tetrahedron contains two distinct hinge edges. The edge e is common to the tetrahedra T j−1 , T j , . . . , T k , T k+1 . In T j−1 , e corresponds to the top edge of the diagonal exchange. In T k+1 , e corresponds to the bottom edge of the diagonal exchange. In the case T j is an LR hinge, we have
and the edge holonomy for e is given by
If T j is an RL hinge, then we have
Every edge in the monodromy tetrahedralization has an edge holonomy expression which is either of the form (14), (15) off directly from a picture of this triangulation. Vertices in ∂M correspond to edges in M . The interior angles of the triangles in ∂M are labeled with the shape parameters corresponding to the edges of the associated tetrahedra in M . Figure 9 gives a picture of the combinatorics of ∂M in the case that W = R 4 L 5 .
To conclude this section we summarize the edge consistency equations as follows:
Proposition 15. Let ϕ : T 2 → T 2 be an Anosov map which is conjugate to
Then Thurston's edge consistency equations for the canonical ideal triangulation of M ϕ associated to W are described as follows:
Thinking of W as a string of R's and L's, let {j, . . . , k = j + m p − 1} be the indices of a maximal string of m p R's. The corresponding m p equations are:
and for each q = j + 1, . . . , k
Let {j, . . . , k = j + n p − 1} be the indices of a maximal string of n p L's. The corresponding n p equations are:
For notation purposes, we write these equations in terms of {x j , y j , z j }. However, we remind the reader that for each j = 1, . . . , N , x j = z j −1 z j , and y j = 1 1−z j . Thus, we think of these equations as depending on the N variables {z j }.
The real deformation variety
We look for solutions to the equations of Proposition 15 over R that represent transversely hyperbolic foliations. Requiring that the total dihedral angle around each edge be 2π amounts to requiring that exactly two of the shape parameters appearing in each equation be negative (see Section 4.2). Recall that in the equations of Proposition 15, x j = z j −1 z j and y j = 1 1−z j , so that in particular x j y j z j = −1 and exactly one of x j , y j , z j lies in each of the components of R \ {0, 1}. A real shape parameter which is negative is said to have dihedral angle π, while a positive shape parameter is said to have dihedral angle 0.
The construction of the monodromy triangulation involved stacking tetrahedra in T 2 × R, with each tetrahedron corresponding to a diagonal exchange. From this picture, it would be natural to guess that the edges with dihedral angle π should be the edges corresponding to diagonal exchanges, which are labeled z j . This, however, is not the case.
Proposition 16. There is no solution to the equations of Proposition 15 with all z j < 0.
Proof. Suppose all z j < 0. Then for all j, x j > 1 and 0 < y j < 1. Take all the equations involving x j 's and multiply them together. The result is the following:
where each j = 0, 1, or 2. This implies that
which is a contradiction, since the left hand side must be greater than one, while the right hand side must be less than one.
Due to the structure of the equations, having one of the z j positive actually implies that many other z j 's will be positive as well. In many cases, it can be shown that all z j must be positive. Therefore, a natural subset of solutions to consider is:
This set is a union of connected components of the deformation variety. It is also a semi-algebraic set. There are only two possible assignments of dihedral angles (signs) for
Proposition 17. Consider an element (z 1 , . . . , z N ) of V + . Then y j < 0 if T j is RR, and x k < 0 if T k is LL. If T j is a hinge tetrahedron, then one of the following two cases holds:
Proof. Begin with the tetrahedron T 1 which is an LR hinge tetrahedron. Since z 1 > 0, we must have x 1 < 0 or y 1 < 0. Assume, as in case 1, that x 1 < 0. Since x 1 appears twice in the first fan equation, choosing x 1 < 0 forces all other terms in the first R-fan equation,
to be positive (by the 2π total dihedral angle condition). In particular, x m 1 +1 > 0. Thus, as z m 1 +1 > 0, we must have y m 1 +1 < 0. Note that T m 1 +1 is the second hinge tetrahedron, of type RL. Examining the second fan equation (this one is an L-fan),
we find that since y m 1 +1 < 0, we have in particular that y m 1 +m 2 +1 > 0 and therefore x m 1 +m 2 +1 < 0. Note that T m 1 +m 2 +1 is the third hinge tetrahedron, of type LR. This process continues to determine the sign of all hinge shape parameters to be as in case 1. It then follows that the signs of all shape parameters for RR and LL tetrahedra are determined as specified in the Proposition as well.
Similarly, if we begin by choosing y 1 < 0, the signs of all other shape parameters are determined to be as in case 2.
We will focus on the behavior of V + . Over the course of the next four sub-sections, we show the following 1. V + is smooth of dimension one.
2. All tangent vectors to V + have positive entries (or negative entries).
3. V + is non-empty. In particular V + contains a canonical solution coming from the Sol geometry of the torus bundle obtained by Dehn filling the puncture curve in M .
4. V + is locally parameterized by the exponential length of the puncture curve.
The particularly nice form of the equations allows us to prove these properties with relatively un-sophisticated methods.
7.3 V + is smooth of dimension one.
We assume case 1 of Proposition 17. The other case is symmetric. So, we have • x j < 0 if and only if either T j is an LR hinge tetrahedron or T j is LL.
• y k < 0 if and only if either T k is an RL hinge tetrahedron or T k is RR.
Recall that the edge holonomy expressions, described in Proposition 15, are enumerated according to the index of the first x 2 j or y 2 j term appearing in the equation:
The edge consistency equations are given by g j = 1 for all j = 1, . . . , N . In order to determine smoothness and the local dimension, we work with the differentials dg j of these expressions. Actually, it will be more convenient to work with d log g j = dg j /g j . For convenience we note the differential relationship between x, y, z (leaving off the indices):
We choose the following convenient basis for the cotangent space R N * at our point (z 1 , . . . , z N ) ∈ V + . For indices j such that x j < 0, define ξ j = d log x j , c j = z j , and
For indices j such that y j < 0, define ξ j = d log y j , c j = 1/z j , and t j = (1 − z j ) so that
Note that in both cases 0 < c j , t j < 1. The differential of a fan equation is given by
while the differential of a 4-valent equation is given by
The kernel of the map (d log g 1 , . . . , d log g N ) : R N → R N is the Zariski tangent space to V + . Using the dual basis to {ξ j } for the domain we let A be the matrix of this map. The matrix A is nearly block diagonal, having a block for each string of R's and a block for each string of L's in the word W . A block corresponding to m p R's will be m p × (m p + 3). It overlaps with the following n p × (n p + 3) L-block in three columns.
Both R-blocks and L-blocks have the same form. Indexing the variables to match Proposition 15, each block is described as follows:
where the 2's lie on the diagonal of A. For example, if W = R 4 L 5 as in Figure 9 , the matrix A is made up of two blocks, an R-block of size 3 × 6 and an L-block of size 5 × 8
(note: in general the first and last blocks "spill" over to the other side of the matrix):
We note several important properties of A. First, all diagonal entries are equal to 2. Second, all entries away from the diagonal are non-positive. Third, the entries one off of the diagonal are strictly negative. Finally, each column sums to zero, which is the differential version of the fact that the product of all g j 's is identically equal to one.
Proposition 18. The matrix A has one dimensional kernel.
Proof. It will be more convenient to work with the transpose A T , which also has the properties listed above, except that the rows sum to zero and not the columns. We write 
Suppose w is another non-zero vector with w ∈ ker A T . Then, let u = w − min(w)v ∈ ker A T . Note that all entries of u are non-negative and at least one entry u p = 0. Next, consider the p th entry of A T u:
This implies that u p−1 = u p+1 = 0. It follows by induction that u = 0 and so w is a multiple of v. Thus A T has one dimensional kernel and so does A.
It follows that V + is smooth and has dimension one.
Positive tangent vectors
Actually, we can spiff up the proof of Proposition 18 to get the following:
Proposition 19. The kernel of A is spanned by a vector with strictly positive entries.
Proof. Again, we work with A T . We will make use of the following:
Lemma 1. The range of A T does not contain any vectors with non-negative entries (other than the zero vector).
Proof. Let h ∈ R N have non-negative entries and suppose there is w ∈ R N such that A T w = h. Set u = w − min(w)v, where v ∈ ker A T is, as above, the vector of all 1's. Then all entries of u are non-negative, A T u = h, and at least one u p = 0. Following the same argument and notation from the proof of Proposition 18 above, we have
which shows u p−1 , u p+1 , and h p are equal to zero. Proceeding inductively, we get that each entry of u and each entry of h is zero.
The lemma implies that ker A is spanned by a vector with positive components. One way to see this is as follows. The reduced row echelon form R for A is (possibly after relabeling indices in the domain):
Each row of R is in the range of A T . So the lemma implies that each α i < 0. It is now easy to see that ker A is spanned by a vector with strictly positive components.
We have (nearly) shown:
Proposition 20. The tangent space at a point of V + is spanned by a vector with positive components (with respect to z j -coordinates).
Proof. Proposition 19 gives that the tangent space to the deformation variety is spanned by a vector u in R N , whose coordinates with respect to the basis dual to {ξ j } are positive.
Recall that ξ j = d log x j if x j < 0, or ξ j = d log y j if y j < 0. Hence, if x j < 0, then
and if y j < 0, then dy j (u) = y j ξ j (u) < 0.
Let v = −u. We remind the reader that 
V + is non-empty
In this section we construct two "canonical" solutions, (z + j ) and (z − j ), to the edge consistency equations which serve as basepoints for the two components of V + . These solutions correspond to certain projections of the Sol geometry of the torus bundle associated to ϕ. We construct them directly from the natural affine R 2 structure of the layered triangulations used to construct the monodromy tetrahedralization of M .
By construction, the punctured torus bundle M comes equipped with a projection map π : M → R 2 which induces a one dimensional foliation of M with a transverse affine linear structure. Think of π as a developing map for the transverse structure. The holonomy σ : π 1 M → Aff + R 2 can be described as follows:
where α, β generate the fiber π 1 T 2 and γ is a lift of the base circle. We can use π to project our tetrahedra onto parallelograms in R 2 . Begin by choosing a liftT 1 of the first tetrahedron. We can choose the lift that projects onto the square P 1 with bottom left corner at the origin. We then "develop" consecutive tetrahedra into R 2 along a path in M . The result is a sequence of parallelograms P j , with each consecutive pair overlapping in a triangle.
Figure 10: The development of tetrahedra into R 2 is a union of parallelograms.
The bottom faces ofT j map to triangles ofτ j−1 and the top faces map to triangles ofτ j , whereτ j is the lift of the triangulation τ j to R 2 . The face glueing maps are realized in R 2 as combinations of the affine linear transformations σ(α), σ(β), and σ(γ). We now construct H 2 tetrahedra as follows. Let v + , v − be the eigenvectors of ϕ corresponding to the eigenvalues λ + > 1, and λ − < 1 respectively. Let r + , r − : R 2 → R be the coordinate functions with respect to the basis {v + , v − }. For each j, project the vertices of P j to R using, e.g., r + . The vertices project to four distinct real numbers which we use to build an H 2 tetrahedron. Orient the resulting H 2 ideal tetrahedron compatibly with the original tetrahedron. It is an easy exercise to show that this process always produces H 2 tetrahedra that are folded along the z-edges corresponding to diagonal exchanges (i.e. the shape parameter z has zero dihedral angle). See Figure 11 . Next, note that r + takes translations in R 2 to translations in R and r + converts the action of ϕ into scaling by λ + on R. Hence, the map r + • π : M → R is equivariant, converting covering transformations to similarities of R. In other words, the face glueing maps for our H 2 tetrahedra are realized by hyperbolic isometries which fix ∞. Hence, the shape parameters for these H 2 tetrahedra are well-defined. Using r − in place of r + we get a different set of H 2 shape parameters. The following proposition shows that the condition on dihedral angles is satisfied so that the r + and r − shape parameters each determine a solution to Thurston's equation lying in V + . It is a corollary of the proof that these solutions lie in distinct components of V + . Proposition 21. The collapsed H 2 triangulations determined by r + , r − have total dihedral angle 2π around each edge in T .
Proof. Let e be an edge of the triangulation T . Recall that e is an edge of consecutive tetrahedra T j−1 , . . . , T k+1 , for k ≥ j (with k = j if e is 4-valent, and k > j if e is a hinge edge). In M , (a lift of) e is bordered by one lift each of T j−1 , T k+1 , and two lifts of each T i for i = j, . . . , k. The tetrahedra are represented by 2(k − j + 2) parallelograms P i which are layered around the corresponding edge e in R 2 . We number the parallelograms in cyclic order around e so that P 1 is the image of T j−1 , and P k−j+3 is the image of T k+1 . For i = j, . . . , k, the two lifts of T i that border e map to P i−j+2 and P 2k−j+4−i , which are translates of one another. Let the endpoints of e be p, q ∈ Z 2 . For each s = 1, . . . , 2(k − j + 2), let e s be the edge opposite e in P s with endpoints p s , q s . Note that in the cases s = 1 and s = k − j + 3, the edges e , e s are diagonals of P s . Let e + (resp. e − ) be the geodesic in H 2 connecting r + (p) to r + (q) (resp. r − (p) to r − (q)). For each s, the H 2 ideal tetrahedron T + s with vertices r + (p), r + (q), r + (p s ), r + (q s ) has dihedral angle π at e s if and only if the intervals r + (e ) and r + (e s ) overlap partially (with neither one contained in the other). We will use this characterization to show that the total dihedral angle around e + is 2π (and similarly for e − ).
The union of the e s is a closed polygonal loop in R 2 with a particularly nice structure. The three edges e , e 1 , e k−j+3 share a common midpoint. The edges e 2 , . . . , e k−j+2 are each parallel to e ; their union forms a straight line segment I 1 ⊂ R 2 . Similarly, the edges e k−j+4 , . . . , e 2(k−j+2) are each parallel to e and their union forms a straight line segment I 2 . Orienting I 1 , I 2 in the direction of increasing s, we have that I 2 is a translate of I 1 with the same orientation. Hence the union of the e s is a closed polygonal loop with four straight sides e 1 , I 1 , e k−j+3 , I 2 . In light of this, the proof will be complete after demonstrating the following lemma. Lemma 2. The images of the edges e 1 , e , e k−j+3 are nested as follows:
Proof. Let P 0 be the base parallelogram (actually a square) with vertices (0, 0), (1, 0), (1, 1), and (0, 1). By construction the parallelogram P 1 , which corresponds to T j−1 , is given by a translate of W j−2 P 0 where W s is the product of the first (left-most) s letters in the word W describing ϕ. The edge e 1 is the bottom diagonal of P 1 , which is a translate of the vector W j−2 1 −1 and the edge e is the top diagonal of P 1 , which is a translate of the vector W j−2 1 1 . Similarly, P k−j+3 , which corresponds to T k+1 is a translate of W k P 0 . So e , which is the bottom diagonal of P k−j+3 , is a translate of W k 1 −1
and e k−j+3 , which is the top diagonal of P k−j+3 , is a translate of W k 1 1 . Recall that
From this it is easy to check that . Applying this fact with s = j − 2 and s = k gives that the lengths of the intervals r + (e ), r + (e 1 ), and r + (e k−j+3 ) are ordered as follows:
Thus, as e ,e 1 , and e k−j+3 share a common midpoint, the r + statement of the Lemma follows. 
It follows that for any s, r − W s 1 1 < r − W s 1 −1 . So the lengths of the intervals r − (e ), r − (e 1 ), and r − (e k−j+3 ) are ordered like so:
The r − part of the Lemma now follows.
By the Lemma, and the above characterization of the edges e s , we must have that r + (e s ) partially overlaps r + (e ) if and only if s = 2 or s = 2(k − j + 2). Hence the H 2 tetrahedron T + s has dihedral angle π at e + if and only if s = 2, or s = 2(k − j + 2). Similarly, the H 2 tetrahedron T − s in the r − tetrahedralization has dihedral angle π if and only if s = k − j + 2 or s = k − j + 4. Note that this shows that r + produces a solution in case 1 of Proposition 17, while r − produces a solution in case 2.
We note that r + •π and r − •π give maps to R ⊂ RP 1 which are invariant under reducible representations ρ + , ρ − : π 1 M → PSL(2, R) respectively. Let (z + j ) and (z − j ) denote the two solutions coming from r + and r − respectively. These solutions determine two distinct transversely hyperbolic foliations F + and F − whose holonomy representations are ρ + , ρ − . These two transversely hyperbolic foliations come from projecting the Sol geometry of M ε onto the two vertical hyperbolic planes in Sol, where M ε is the torus bundle obtained by Dehn filling M along the puncture curve ε.
A local parameter
Let represent the curve encircling the puncture in T 2 ⊂ M . We show in this section that the length of is a local parameter for V + . This will follow, after some calculation, from the fact that the tangent direction to V + must increase all shape parameters.
In order to ease the upcoming computation, we change notation slightly, and write the decomposition of our Anosov map ϕ as:
Let M p denote the index of the p th hinge tetrahedron, M p = 1 + p−1 j=1 s j , where we define M K+1 = N + 1 and N = s j is the total length of the word W . We assume (as the other case is similar) that we are in case 1 of Proposition 17, that is, x 1 < 0. We adopt the following notation:
Note that, in either case, we have α j β j z j = −1. As usual, the indices i of the α i , β i , z i are to be interpreted cyclically so that, for example, β N +1 := β 1 . The exponential length of can be read off from Figure 14 :
Further, the gluing equations take a nice form with respect to these coordinates. If the j th edge is 4-valent (of type R or L), then the j th edge equation is: 
In particular, H( ) is a local parameter for V + .
Proof. We consider a product of powers of the gluing equations as follows: 1 ) 2 , we have the result. We have expressed H(ε) as a product of negative powers of shape parameters. Therefore since all shape parameters increase (or decrease) together along V + , we have that H(ε) is a local parameter.
Corollary 2. The exponential length of the puncture curve, H( ), can be made arbitrarily small or arbitrarily large . Proof. We show that H( ) can be made arbitrarily small; the second statement is similar. By Proposition 18, any point (z 1 , . . . , z N ) ∈ V + is a smooth point of the deformation variety, and by Proposition 20, all shape parameters can be increased locally. They can be increased globally until some of them go to infinity. Consider such a path. Recall that for some j, β j = x j while for other k, β k = y k . We show that one of the β i must approach infinity. Assume not. Then some z j → ∞, for recall that all α j < 0. Examining the (j + 1) st glueing equation (in which z j appears), we see that α j+1 → 0 as all other terms are positive and increasing. If β j+1 > 1 ( ⇐⇒ β j = y j ), then we must have β j+1 → ∞. If not then z j+1 > 1 and z j+1 → ∞. We continue inductively and eventually reach an index i such that β i > 1 and β i → ∞. It is clear from the expression (21) that H( ) → 0.
Remark 6. It is straightforward to check that the discrete rotational part of the holonomy of must be +2π. 
The space of transversely hyperbolic foliations

AdS structures with a tachyon
As in the previous section, let M be a punctured torus bundle with Anosov monodromy equipped with the monodromy triangulation T . We now apply the results of Section 7.6 to prove Theorem 4 from the introduction. We find AdS structures on (M, T ) so that the geometry extends, with a tachyon singularity, to the manifold M ε obtained by Dehn filling the puncture curve ε. By the arguments of Section 4.3 (see Example 3), such a structure is produced by finding a positively oriented, space-like solution to Thurston's equations over R + Rτ with the added condition that the holonomy around the puncture curve ε, has exponential (R + Rτ )-length given by: where H λ and H µ refer to the real exponential length functions for the solutions (λ j ) and (µ j ) respectively. By Proposition 22, ϕ parameterizes such pairs of solutions (λ j ), (µ j ). By the proof of Proposition 22, we have that λ j > µ j for all j if and only if the tachyon mass ϕ < 0. By Corollary 2, the tachyon mass ϕ can take any value in (−∞, 0). This completes the proof of Theorem 4. We note that choosing (λ j ), (µ j ) in the other component of V + will produce the same family of AdS structures, but with the triangulation spinning in the opposite direction around the singular locus (see discussion at the end of Section 7.5).
Finally we remark that the space of AdS structures on M , without restriction on the geometry at the boundary, inherits the non-Hausdorff behavior of the space of transversely hyperbolic foliations. For, the two sets 
